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BBEOEHUE

UMCNEeHHbIE METOALI — 3TO METOAbl NONYYEHUS PELUEHUIn pasnuy-
HbIX 3aga4 He B Buae ropmynbl, a B BUAE OAHOrO WNKU HECKOMbKWUX
yucen Wx uenecoobpasHo NPUMEHSATL
1) ToOraa, Korga aHanuTUYEcKoe peLleHUe HEBOIMOXKHO UMM CRIULLKOM

rPOMO3AKO;

2) npu ucnonb3oBaHuu 3BM.

Ynpoujas peweHwe 3agadqy, YUCNeHHble METOAbl, BMECTE C TeM,
UMEIDT HEJOCTATKM:

1. PeweHus npegcTaensAOTCA YucrnaMu W SBMASKTCA YaCTHbIMM,
TaK Kak nony4yeHbl NPU KOHKPETHBIX 3HAYEHUAX UCXO4HbIX AaHHbIX.

2. VIckomble 3Ha4eHus onpeaensTcsa ¢ HEKOTOPOW NOrPELLHOCTLIO.

YncneHHble MeToAbl Peanu3yloTcs ¢ NOMOLWBIO BbIMUCIUTENBHbIX
anropuTMoB U NOAPA3AENATCA HA TOYHbLIE U NPUBNMKEHHBIE

TOYHBIMKM HA3LIBAIOT METOAbLI, KOTOPbIE MpU OTCYTCTBUM OLUMOOK
BbIYWCNEHWI MOTYT AaTtb TOYHBIA Pe3yneTaT APU KOHEYHOM 4Huche
ebluCIUMenbHbIX U JIO2UYECKUX onepayutl.

MpuBnmxeHHble MeToAbl [4AaKT MCKOMbLIA PEe3ynbTaT C HEKOTOPOW
MOTPELHOCTLIO A&Xe B TOM CNy4ae, ecnu MpPoOMEXyTOYHbIE BblYMCNe-
HUS BBINOMNHAOTCA ¢ abCONKOTHONW TOYHOCTLIO (Be3 okpyrneHuit). Cpe-
AN NpUuBNMKEHHbIX YWUCNEeHHbIX MEeTO0B Haubonee LUMPOKO WCMOIb-
3YI0T umepauuoHHbill. CyTh €ro COCTOMT B TOM, YTO peLUeHWe OTbl-
CKMBAEeTCs B pe3ynbTaTe MHOTOKPaTHOTO MOBTOPEHWS HEKOTOPbIX Bbl-
YUCNUTEnbHbIX onepaunin. OQHO Takoe NOBTOPEHWE HAa3bIBAKT UTEpa-
uuei. Urepayuun npexpawyalot Torga, Korga norpewwHocTs pesynerara
CTaHeT MeHbLUe 3apaHee yKa3aHHoro (NpUHATOro) aHadeHus LLupoxkoe
pacnpocTpaHeHne MTepauUMOHHbIX METOAOB OOYCNOBMEHO NpoCTOTOM
anroputmMos ux peanusayuv. OgHako Npu 3TOM BO3HUMKaeT npobnema
CXO0AMMOCTU. B HEKOTOPLIX Cny4asix 3ajaHHas NorpeLlHoOCTb HE MOXET
ObITe gocTUrHyTa 3a nwboe yucno urepauuii. Torga ropopsT, 4YTO CXO-
AUMOCTL OTCYTCTBYET

MozpewHocme — mepa TOMHOCTH HAWAEHHOTO 3HAa4YeHWa No cpas-

£
HEHWIO C UCTMHHBLIM. [lyCTb /* — peaynbTar, a /© — UCTMHHOE 3Hade-
HWE, NOfly4eHHOe NpU BblYMCNEHMsAX 0e3 OKPYrNeHnia u Apyrux ynpo-

WweHui. Toraa BENUYUHY «Ar=|r—r*‘ HasblBalOT abCoONKTHOM, a Be-

JIMYMHY O = |r - r*‘ F=Ar/F — OTHOCUTENbLHOI NOrPELLHOCTEIO.

UcTouHMKaMKU NOTPEeLLHOCTH NPUBNMKEHHOTO PELLEHUS SBNAKTCS:

1. HecoorsercrBMe maremaruyeckon 3agadu (MaremaTtm4eckKon
MOAENN) N3y4yaemomMy peanbHOMY ABMEHUIO.

2 [MorpelHoCcTh UCXOAHLIX AaHHLIX (BXOAHbIX NapamMeTpos).
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3. MNorpeluHoCTb MeToAa PELLIEHWS.,

4. OWwNBK1 OKPYrNeHWit B apupmMeTUyecknx U Apyrux AenCTBuax
Haa vyucnamm.

MorpewHocTs B pewexnun, obycnoeneHHaa nepebiMU ABYMSI MC-
TOYHUKaMKU, Ha3bIBAETCA HeycmpaHuMol. 3Ta NOTPEeWHOCTb MOXET
NPUCYTCTBOBATL, [aXe €CNu pelLleHue MOCTaBfeHHOW mMaTtemarude-
CKOW 3aga4u HanaeHo TOYHO. Bonpoc 0 TOM, HaCKOMNbKO XOpOLWO onu-
CbiBaeT maremMarudeckas Mogens uccrnegyemoe sBneHwe, NnpoBepseT-
CA NyTemM CpPaBHEHWS PEe3yNbTATOB 3KCMEPUMEHTOB M TUMMYHLIX YacT-
HbIX PELLUEHUIA NPU HEKOTOPLIX 3HAYEHWAX BXOAHLIX NapaMeTpoB.

YucneHusle mMeToabl B BonblUMHCTBE cnydaeB camu no cebe sB-
NATCA NPUONUKEHHbIMKU, TO ECTL Aa)Ke NpW OTCYTCTBMM OWKMOOK BO
BXOAHBIX [AaHHBIX W NMPWU WAEANnbHOM BbINONMHEHWM apudIMeTU4eckux
AEWUCTBMIA OHW AO&I0T pelueHue 3a/1a4u ¢ HEeKOTOPOW NOTpeLuHOCTbIo,
Ha3bIBAEMOWN MO2PeWHOCMbI0 Memoda. ’

Bonpocom, Haubonee CnoXHbiM TEXHUMECKU, ABMASETCA YYET no-
rPeLHoCTEN OKpyrneHusa B apudmMmeTuyeckux pencrenax. Ecnu aencr-
BUW BLINOMHAETCHA HE MHOM0, TO F102PewHOCU OKpy2neHUsa npu
PYYHbIX BbIMUCTIEHUAX MOMYT BblTb YYTEHBI C UCNONbL3OBAHWEM 3ne-
MEHTapHOW Teopuu norpewHocten. MNMpu peweHun 3apaqy Ha 3BM xa-
pakTepHbl ABE cuTyauuu. Ecnu KONUYECTBO BLINONHAEMbIX apudmeTu-
Yeckux AEWCTBUN HEBENMKO, TO 0ObIYHO OLUMBKW OKPYrNeHUst He Mnpo-
ABMNAOTCA, Tak kak 8 IBM uucna npeacraesnswTesa ¢ 10 u 6onee pecs-
TUYHBIMU 3HAYaLWMMKU UMdpaMu, a OKOHYaTENbHLIA pe3ynbTaT peako
6LiBaeT HyxeH Donee yem C NATLIO AECATUYHBIMMW 3HAYAWMMU Und-
pamu. Ecnu 3apava cnoxdas v Ang ee pelueHus Tpebyetca 6onbLIoi
obbLem Bblumcnenun (1 0°~10" u Bbiwe apudmeTnHeckux AencTBum), To
B 3TOM cnyyae ¢ owmnbkamu OKpyrneHus NpUxXoAUTCa CHUMTATLCA.

Ons pelweHna OOHOW WM TOW Xe 3afadu MOryT MPUMEHSTLCA pas-
NUYHbIE NPUBNMKEHHbIE MeToAbl. YYBCTBUTENBHOCTE K OLUMOKAM OkK-
PYTiEHNs CYyW|eCTBEHHO 3aBWCUT OT BbIOPaHHOIO YMCAEHHOIO MeToaa.
ManouyBCTBUTENbHLIMW K TakuM owmbkam ABMAIOTCA WTEPaLMOHHblE
CXOASALMECH METOAbI, NOCKOMbLKY BO3HUKAKOLLME NOrpeLuHocTH Ha cne-
AYIOLUX UTEpPALUSAX UCTIPABNAKTCSA.

YUCNEHHbIN METOA MOXEeT CYHMTATbLCA YAauHO BbIOpaHHbLIM, ecnu
€ro NOrpeLUHOCTb B HECKOMNbKO Pa3 MEHbLUE HEYCTPaHUMOW NOrpeLLHo-
CTW, @ NOTPELHOCTL, BO3HMKAKLLAA 3a CHET OKPYrMeHWn, HasbiBaemas
8bIYUCIUMENbHOU MO2PEewWHOCMbIO, NO KpaltHel Mepe, B HECKONBLKO
pa3 MeHblUe NorpeLuHocTn Metoga. Ecnu HeycTpaHumas norpewHocTb
OTCYTCTBYET, TO NOrpeLlHocTb MeToaa AOMKHA BbiTb HECKONLKO MEeHb-
e 3a4aHHOW TOYHOCTM peLleHus.



1. BbIYUCNEHUE 3HAYEHUA ®YHKLIUN

JlabopatopHan pabota Ne 1
BbIYMCNEHMUE MPOCTbLIX ®YHKLUNN

Boliuucnenne aHayeHnin paznuyHbix MYyHKUMA Hanbonee 4yacrto uc-
nofb3yeTcsl B BbIMUCIUTENBHOW NpakTuke. Bce anroputMuyeckmue A3bi-
K1, B TOM 4Yucne Pascal, Basic unu VBA (Visual Basic for Applica-
tion), UMEOT B CBOEM COCTABE LUMPOKMIA BLIDOP CTaHAapTHLIX YHK-
uuid. Ons ux BbluucneHus HeoOXxoaumo 3anucatb ykas’aTenb M CNUCOoK
dhakruyecknx napametTpos yHkuun [Ons sbiuucneHus Gonee Crnox-
HbIX (DYHKUMIA, B KOTOPbIE BXOANAT CTaHAapTHbIE DyHKUMKM, Heobxoaumo
3anucaTe COOTBETCTBYHOLUME BbIPAXKEHMA C YYETOM Npasun BbliGpaHHoO-
ro anropuTMU4ecKoro asbika [1-6]. BelumucneHue saHavyeHu pyHKUMA No
3aflaHHbIM aHaNUTUYECKUM Bblpa)eHusaM (opmynam) NoNyyuno Ha-
3BaHWE MPAMbLIX 8bIYUCTEHUL.

Ha npakTuke 4acto NpUXoAMTCA pewaTk 3agadvy BblYMCNEHUA Tab-
NUUbl 3Ha4YeHuA dyHKUMKM B 3TOM cnydae HeoBxogumo OpraHu3oBaTth
LUMKITMYECKUI BLIYUCNMTENbHBIA NPOLECC, 3aAaBas B KadYecTBe napa-
METPOB LUMKIA 3HAYEHUA apryMeHToB (PyHKLUK

Mpumep. Onpegenute ANu-
Hy o4ara paedopmayuu npu
NPOCTON NPOAONLHON NPOKaTKe
(puc. 1.1)

[ =~ RAh, (1.1)

rae R — paguyc pabouux san-
KOB, MM;
Ah = hy — h, — abconioTHoe

obwarne, MMm;
hy v hy = BLICOTa NONOCLI 40
W nocne NpoKaTku, M.
Tpebyerca BbMUCNWUTL pPsAn
3HauYeHuit / AnNs  HEeCcKONbKux
Puc 1.1. K pacuery ATMHbI 048r8  spaueunii  paguyca pabounx
RGO AR TR N PYCTOV NP IIE: BankoB K C onpeaeneHHbIM

HOWM NpoKaTKe
larom W peaynbTaTbl BbIBECTU
Ha neyarb. ANrOPUTM peLueHust
3TOW 3ajayv nNpeanonaraeT NpsAMbIE BbIYUCAEHUS NO 3a4aHHOMY aHa-
NUTUYECKOMY BbipaxeHuio (puc. 1.2).
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Havano

Bsog
MCXOAHBIX
LaHHbIX

CXOAHBIE Her
AaHHble BEEAEHb
npasunbHo?

BeiBog
pacyeTHBIX
AaAHHbIX

Puc. 1.2. Cxema anroputma pacyera
HECKONbKMUX 3HAYEHUI (PYHKUMU B LUMKNe

Na6opatopHas paboTta Ne 2
BbIMUCNEHWE NONMMHOMA n-it CTEMNEHW

[MNpy BbIMMCNEHMU 3HAYEHUR (DYHKUMIW He Bceraa yaaeTrcs OrpaHu-
YUTLCA TOMbKO NPAMbIMW BbIMMCNEHWAMM NO dopmynam. 3ayactyio
ANs onpejenexdusa 3HaveHus PyHKUUM NPUXOANTCH NPOBOAUTL BbiMMC-
NEHUsI N0 HEKOTOPOIMY anropuTMy, UHOTAA 40CTaTOMHO CnoXKHomy. Mpu
9TOM BbLIMMCNAKTCA KOHEYHbIE U OECKOHEYHbIe CyMMbl U npoussege-
HWURA, BEOETCA CUET N0 PeKyppeHmMHbIM hopmMynamMm ANropuTMbl Bbl-
YUCNEHUA 3HAYEHUN IYHKLMW MOTYT HOCUTH UTEPALMOHHBIN XapakTep.

B CBA3M C 3TMM BO3HMKAET 3a4a4a TakoW opraHm3aumm anropuTMoB
BbIYMCNEHUS 3HAYEHU YHKUMKM, KoTopas rapaHTupoana 6l gocra-
TOYHbIE TOMHOCTbL U ObICTPOTY NPOBEAEHUA BLIYMUCNEHUN, YTO O0CODEH-
HO Ba){HO, ECMW BblYUCNEHWE KaKOW-NMUBO YHKUMM [JOIMKHO MOBTO-
pATLCA MHOrOKpaTtHo. MpounNnNCTpUpyem CkaszaHHOE Ha NPUMEpPE Bbl-
YUCNEeHUA 3HAYEHUIW MHOTOYNEHa CTENEHU A1 NPU 3a4aHHOM X

P(x)=a,x"+a, x"" +. . +ax+a,- (1.2)

H=
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Cxema anroputMa BbiMMCNEHWS MHOrOYNeHa npuBedeHa Ha
puc. 1.3, a AHanuaupysa 3TOT anropuTM, MOXHO NOACYUTATL, YTO BCe-

ro TpedyeTcs BbINONHUTL n(n + l)/2 YMHOMEHWUIA U 11 CITOXKEHWUA.
ANroputm, NnpeacTaBneHHbIi Ha puc. 1.3, a, MOXHO OpraHW3oBaTb

WHa4e Mo MeToAy, Ha3biBaemomy cxemoi MopHepa. Mepenuwiem mMHO-
rouned (1.2) B suge

P, (x) = {...[(a”x +a,_, )x Ea’ ]x ottty }r +ay. 1.3

Mo anroputmy, peanuayroweny cxemy FopHepa (puc. 1 3, 6), Tpeby-
€TCH BbLINOMHUTE /I YMHOXEHWA U H CNOXEHUA. Takum 0Dpasom, 4ncno
onepayui yMHOXEHWA, MO CPABHEHMIO C NEPBbLIM anrOPUTMOM, COKPaLLEHO

B (n + 1)/ 2 pas, yto obecrednsaer Gonee BbLICOKYIO TOYHOCTb pesynbTarta
1 3HAUUTESILHOE COKPALLEHNE BPEMEHW BBIMUCIEHUA.

{ Havano ) 6 ( Havano

BBop, WNCX Ol HbIX Beoa wcxomHbIX
AaHHbIX 1, A, X / AaHHbIX 1,d,, X
_/

Beisog P /

Puc 13 ANroputmel BLIMUCIEHUSA MHOTOYMNEHA CTENEHN 1
no cxemam TpusmanbHo (a) u MopHepa (6)

Buisog P

KoHel
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Na6opatopHas pa6orta Ne 3
BbIYMCNEHWE ®YHKLWW C NMOMOLLLIO PALOB

B BBIMMCNUTENEHOW MATEMATUKE LUMPOKO MCNONb3yeTca NpeacTas-
neHne PyHKUUn CTENeHHbIMWU, TPUTOHOMETPUYECKUMU U APYTMMU PS-
Aamu, B 4acTHOCTW, pagamu Telnopa v dypee. B atom cnyyae nubo
Or0BAPMBALTCA YWUCNO YAEPKWBAEMbIX YIEHOB psAaa (BbMUCNAETCA
KOHEYHas Cymma YneHoB psga), nubo 3anaetcs nopaaok NepBoro
oTbpackiBaeMoro 4neHa (psa BbIMUCNAETCH C 3aAaHHOW TOYHOCTLIO).
Monyuyunu Takke pacrnpoCTPaHEHUE BbIMUCIIEHUA KOHEYHbIX U Becko-
HEYHbIX MPOM3BEAEHUI, BbINONHAEMbIE GHANOMMYHO.

Mpumep 1 PaccmoTpum NporpamMmHy0 peanuaauuio Takoro anro-
putma. lNMycTb TpebyeTcs HalTH 3HAYEHUE MHOroYNeHa

A Fle=l+xrx? (2 ... 40" nl, (1.4)

MpuBEeAEHHBIA MHOTOYNEH ABNAETCA YACTUYHON CYMMOI pa3noxe-
Hua f (x)z ¢' B psaa Tednopa B OKPECTHOCTH TOUKM X, =0.

3anuceiBas NocnNeaoBaTesNlbHO YfeHbl aTOro paaa, umeem a, = |,

a, =x v panee a, =a, \x/k,ae k=12, 3,4, .., n. Ora pe-

KyppeHTHasa dopmyna peanuayeTcsi NOCMNefoBaTeNnbHOCTLIO OnepaTo-
pOB:

S=10: 5
A=10;
for K :=1to N do
begin
A:=A*X/K;
S=8+4,
end ;

rae S — 3HaveHue cymmbl paaa; N - 3apaHee 3agaHHoe 4ucno yaep-
JKUBEEMbBIX B PA1€ YNTEHOB.
B 3apgavax BblHMMCNEHMA CyMMbI (Npou3BedeHust) 4neHos Becko-
HEYHOro psafa 3apaHee HeU3BECTHO, Ha KakoMm uneHe psaga dyaert goc-
TUrHyTa Tpebyemas TOYHOCTL. B 3TOM cnyyae noctaHoBka 3agadu
o

00bI4HO UMeeT POpPMY: BLIMUCTIUTL Cymmy S = Zak C TOYHOCTbIO 40
k=1

uneHa paaa, yaosneTsopaoLwero HEPaBeHCTBY
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la,|<e. (1.5)

Ecnu paccmartpuBaemblii pAg ABNAETCA 3Hakovepedylowmumes, To
owubka MeToaa, Aonyckaemasi Npu BbiMUCNEHUWM S, He npesblaeT
€. B apyrmx cnyvasax Takas oueHka, npu KOTOpol oTOpackiBaloTcs Bee
4rieHbl, YAOBNETBOPsAOWMWe HepaBeHCcTBy (1.5), ABNAETCA OPUEHTUPO-
BOYHOM M TpebyloTCcA AONONHUTENbHbLIE COOOPAXEHUA ANA ee NPUHS-
TUA. Hanpumep, Ha4YMHAs C HEKOTOpPOro Homepa #, BCce YneHbl pAga

1+1/2+1,3+...+1/n ynosnetsopawT HepaseHcTsy (1.5), kakum Gbi

MansiM HW ObINO £, OAHAKO 3TOT pAs4 pacxoauTca. JononHUTENbHbIMU
coobpaxeHusamu B nonedy oueHku (1.5) mMoxeTr ObiTb yOblBaHME no-
CNEeAyLWero YneHa paaa no cpasHeHWo C Npeabiaylinm Xota Okl Ha

nopsiAoK (B NpUBEAEHHOM NpUMEPE Npu ‘x‘ <1 | ato ycnosue Bbinon-

HAETCA, N0 KpanHen mepe, HauMHaa ¢ # = 10).

MNpuseaernHas oueHka (1.5) ABNAETCA OPUEHTUPOBOYHOW ANA
owubkn metoaa AHaNorM4yHoie TPEBOBAHUA K OLIEHKAM HaKNaabiBaT-
CSl NPW BbIMUCNEHUU BECKOHEYHbLIX NPON3BEAEHUN.

o

MNpumep 2. Boiumenuts cymmy psiga S = Z(,,])’f x% /2k! ¢ Tou-
k=0

HOCTBIO 0 YneHa, abconuTHOe 3HavYeHne KOTOpOoro MeHblle Unu pas-

HO €. Boluucnsembili paa npeacraenset cobon pag Teanopa agns

dyHKUMK cos X . Cxema anroputMa BbIYUCIIEHUA CyMMbl psaa C 3a-

AaHHOW TOYHOCTLID npuBedeHa Ha puc. 1 4. GparMeHT nporpaMmel,

peanuayouwien aToT anroputM, UMeeT BUA:

S=100 .

A=10; '
K:=1;

repeat

Ai=-AxX[[2*K -1)%2%K];

S=8+4 o
K=K+1 “

until abs(A)<Eps ;



Havano

/ BBoA MCXOQHBIX /
/' BaHHbIX X, &

v
5=l a=L k=ll

v
a=—-a-x-x/((2k-1)-2k)
s=s+a, k=k+1

\a|<7—HeT——
i
Na

i Bueoa x, & /

[ Koney )

Puc. 1.4. Cxema anroputma BblMUCIEHUSA
OeCKOHEYHOW CYMMbI C 3a4aHHOW TOYHOCTBLHO

Tabnuya cyMM HEKOMOPbIX YUCI08bIX PAG0S U pA00e pyHKYUL

1 o 1
=TS —4—bu= ¥ —
12/ 3/ Eﬂnf
1 1 1 1 - 1
—=—t—a.. = -1)"—
e 1/ 2/ 3! ;,( g n!
I 1 1 = <1
m2=1-—+—-—-—+ = 1) —
3 4 g( ) n
4 3 5 7 9 o) 2n+1



10.

1.

12.

13.

14,

15.

; o
el e et i ek SR S
6 2" 3‘ 42 nz:l n2
? o0
= 1 1 1 n—1 1
y 2 3 4 E( ) n*
) o
T | ] !
on ] e e — — N
90 3Ty HZZE I
Tt 1 1 1 - 50
L L L LS _ g5
’ ’ d 2n-—l
LT . ( )nl ’qx|<w)-
2 ! 7! n=l1 (2 1)"
2 4 6 o
X X X .
cosx:x__+___ _ el
20 41 g()(2)|Q| )
2 o n
X X X X
ex=]+——|-_+_+_”: (] < 0).
It 21 3! ;} 3l (I \ )
T =[5 (X—l) (x 1)’ .
x+1 3(x+1)° 5(r+1)
e _1y2ntl
= (=) (x>0)‘

=0 (2n+D(x+ 1)2ﬂ+1

4
lnx:(x_l)_(x—l)Z +(x-—1)3 _(-Y—l) .
2 3 4

=i(_l)”+1 ﬂ , (0 g 2)
n=|

['1x:x—l+(x—1) (e 1) ,,,-Z(x n” , (x>1/2).

x 2x* 3x
£ ¥ x"
ln(]+x):\:—-2~+l—3v—— Z( 1)”“ L (F1ex<1).

n=l



2] 3 4 w R

16. ln(l-x):—(x+%+%+%+,,_):—zi, (—l< x < l)‘

n=1

3 5 2
17. arcig x = x—l—+f__x_ _Z( 1) qxlil).
35 7
3 5 7 2n+1
bl X X X lx
18. arcclgx=——(xX——+———+ :_+ ln+
& 2 ( 3 5 7 Z( ) 2n+1"’
(<)
3 5 o 4.11—1
19. shx = x+i—+r— = Z (J,C‘{oo).
3! 5! I n= ](2”"1)f
2 4 6 o 2n
20 chx=l++ 4 ¢ = ‘ (]x[éw)_
2! 41 6! = (2n)!

2. NIPUBJIMKEHVE ®YHKLUA

Ecnu chyHkuma y = f(x) 3afaHa, To Tem cambim nobomy gonyc-
TUMOMY 3HaYEHWK X CONOCTaBNAETCA 3HaYveHue ). O,EI.HEIKO vyawie

BCEro ygaertcsa nonyuuTb Hebonblloe Yncno aHadveHuin yHkuuu. Bume-
CcTe C TeM AN pacyeTos (MYHKUMW KEenaTtenbHO MMETb AOCTATOYHO
NPOCTYID aHANUTU4ECKYI0 33aBUCUMOCTbL. TO0rga (PYyHKUUMK 3aMEHSIOT

npuBnukerHoi opmynoit ¢{x), 6nuakoit k dyHkumm f(x) 8 HekoTo-
poM cMbicnie U yA06HOR ANA BbIYUCTIEHUIA,

PaanuyatoT ABa OCHOBHLIX cnocoba Beibopa npubnmwkeHus yHK-
LMW UHMePnosTAuUIoO U annpoKcuMayuo.

MNycte  yHKUMA f(x) 3agaHa Tabnuuen ee  3HaYEHUH
Y=Yo, Y1+ Vo, o ¥V, B TOUKAX X = Xy, X}, X5, ..., X,,, Ha3blBaEMbIX
y3anamu WHTepnonauvu. 3ajgaya WHTEepnonsuuu cocTouT B Bbibope
TakowW PyHKUMK (x), KOTOpasi B yanax x, npuHumana bl Te e 3ua-

YEHUR, YTO 1 f(x), Toects (x,)= Y, i=l.n.

Kak npasuno, B Ka4eCTBE WHTEPNONUPYLWUX YHKUMIA BeIOMpaoT
MHOro4neHbl. MOCKONbKY YMcno yanos s+ 1, To cTeneHs MHTepnons-
LMOHHOTO MHOrOYMeHa paeHa 1 .

Bo MHOormMx cny4asx, 0COBEHHO Koraa 3HayeHus yHKUUU f(x)
Mony4eHbl 3KCNEePUMEHTaNbLHO U COAEeKaT NOrpeLlHoCT, HET Heobxo-
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AUMOCTH TOYHOrMO COBMageHns 3Ha4yeHun (‘(’) n f()() B Y3NOBbIX TOY-

kax. bonee TOro, ANs NPakTMKM MOXHO MONbL30BATLCH MHOTOYNEHOM
CTENEHW A7, NpUdemM M1 < H , UNK aHanNUTUYECKOH 3aBUCUMOCTBLIO UHO-
ro BMAa, HO rpaduKk ee AOMKEH NPOXOAMTL AOCTATOYHO GnU3Ko OT

TOYEK X, , V, Ha BCEM NPOTAXKEHWWU MHTEPBAala U3MEHEHUs1 X . Mpoue-

[ypa nocTpoeHus PyHKLUUK, UCXOANA U3 3apaHee onpeaeneHHoro NnoHs-
Tna 6NKM30CTU, Ha3bIBABTCA annpoKCMaLuen.

NabopaTtopxasn pa6oTta Ne 4
MHTEPNONALIMA ®YHKLIMA C MOMOLLIbIO MHOMOYNEHOB

UHmepnonayuoHHas ¢gopmyna Hewomona. Tpebyercs HaWTu MHO-
rounex Pn(x) CTENeHW H, NPUHUMAIOWMWIA B 3a4aHHbIX TOYKax

n
Pelmm 3agayy ¢ NOMOLBIO MHTEPNOAAUMOHHOM popmynel HbloTOHA.
Beenem noHsTue pasgenerHbix pasHocTen. OTHOWEeHUA

Al: = A(x:' x:+l)= [f(xwl)_f(xa )]/(XHI —x:)-' F=Q =1

Ha3bIBAKOTCA pasaeneHHbiMKU pasHoCcTAMKW NepBOoro nopsaaka. OTHOLUEHWA
AZ: = A(xf »Xip1 X2 ) = [A(x;+] X2 )_ A(x: X1 )]/(xH-Z - X, ) =

= (Al.:+1 -4, )/(x,+2 h x,)

Ha3bLIBAIOTCS Pa3feneHHbLIMU Pa3HOCTAMU BTOPOro nopsigka. Cnegyio-
LyMe pasaeneHHble pasHOCTW BbIYMCHAIOTCA NO dhopmMyne

A:m = (Am—],ﬁl - AJH—I.J‘ )/(me i xi )

PaccmMoTpuM MHOTOYMEH BTOPOIA CTENEHM

Py(x)= flxy)+A,, (g, 3, Nx—x, )+

+A2,,(xl,,x,,xz)('x—x{,)(x~xl). (2.1)
Umeem:  Py(x, )= f(x,);
Py (o) = (g )+ Ay (g, 3 Xy = x0) = £ (1)
Py, )= f ey )+ Ay (e, %, Noe, — % )+
+ Ay (g, 21,06, Xoey — %0 Wiy =21 )= £(x5).
11
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Takum 06pazom, MHOrouneH (2 1), NOCTPOEHHLIA C NOMOLLID Nep-
BbIX (T.€. HaumMHas ¢ /1 = 0) pasgenexHbix Pa3HOCTEN NEepPBOro U BTOPO-

ro nopsiaka, B TOYKAX Xy, X, X, MPUHUMAET TE e 3HAYEHUsI, 4TO

n yHKkumA f (x)

MMeeT MecTo crieayloLiee yTBEPKIEHUE" MHOFOYMEH CTENeHn 71
Pn(x) = f(xn)"' Am(xmx! XJC - xn)+
+ Ay (g1, 3, e = x0 Nox = )+

+d o g Tt X M- )= %,,.5) 2.2)

B TOYHKax Xx,, Xpy ooy Xy NPUHUMAEET TE e 3HaA4YeHuA, 4YTO U CIJYHI{LI,HF!

_f(x). BeipaxeHnue (2.2) Ha3biBAeTCH MHTEPNONAUMOHHBIM MHOTOYMNe-

Hom HblOTOHA

Ons dyHkuMM, 3aaaHHOR Tabnu4yHO NPy PaBHOOTCTOALMX y3nax,
npMBEaEeM CXeMy anroputMa BbIMMCNEHWA 3HAYEHWH MHTEepPnONsLUUOH-
HOro MHoro4vneda HoTtoHa (puc 2 1) McxoaHbiMKu OaHHbIMK NS an-
ropuTMa sBnsuTCs

X — HavanbHbIA Y3en UHTepPnonALuK;

h — war nHTepnonauuu;

1 —4uCno yanos,

Z - 3HaA4YeHWe aprymeHTa, Ans KOTOPOro BbIMMCINSETCH 3HadeHue
MHOTO4YNEeHa;

k}, — BCNoOMOratensHas nepemexHHas k}, =0 npu BbIMUCNEHUU
NepBOro 3Ha4YeHUA WHTEPNONAUMOHHOIO MHOroYseHa; ky =1 npu no-
CNEAYIOWMX BEIMUCNEHUAX),

y(n) — MacCUB 3HaYeHui PyHKUKUK (Npr k}. = 0) unun maccus pas-
AenexHbix pasHoctei (npu k| =1);

P — 3HaueHne MHTEPNONAUMOHHOTO MHOro4neHa.
[ns paBHOOTCTOALWMX Y3MOB pasfeneHHble pasHOCTU BbIMUCNAKT-
csi no popmyne

Am: = (Am—l +1 Am—] :)/(m )a
e m=1, n—1.

12



OnA BbIMUCNEHUA WHTEPNONSALUMOHHOIO MHOIOYNEHa BbIPAXKEHUE
(2.2) npeobpasyetcs K Buay

i (x) = (‘“((An(}(x — Xy )"‘ An-u.oXx— xn—2)+ An—Z.U)")x
x(x—x0)+ A,

3pece 4, = y,.

| Hauano |
!

/ Beoa x.h.n,zk, /
Mmaccusa y(n 7

/ i=ln, L
|y'=b’ b=‘Amr ‘ _P=P[r—(n|—f)h]+_vn_,

. o
I -,

{\ KoHey, -

Puc. 2.1 Cxema anroputMa BbI4YMCNEHNA 3HAYEHUI
MHTEPNONAUMOHHOTO MHOrouneHa HeloToHa

13




Mpumep DyHKUKMA 3agaHa Tabnuuyen
x 1,1 1.6 21 26 31 3,6 4.1 46

Yy 1,029 | 1,389 | 1649 | 1,800 | 1,852 | 1,822 | 1,739 | 1,632

Heobxoaumo HanTh ee NpUBNMKEHHOE 3HAYEHWE C MOMOLLbLIO WH-
TepnoNALUMOHHOro MHorounexa Hetotona npu x; =13 n x, =40

CocTaBneHue UHTEPNONSUMOHHOW hopmynbl HeloTOHa AnA 6onb-
WOro Y1uecna TO4EeK CBA3AHO C TEM, YTO MO MEPE NMPOABUXKEHWUS OT Ha-
YarnbHOi TOYKW HakannueaTcs OWUBKK, 0ByCNOBNEHHbIE BLIMUCNEHK-
eM pasfeneHHbiX pasHocTel Beuay noTepu TOYHOCTU MCMOMb30BaHUE
pasfeneHHbix pasHocTeln BonbLKUX NOPSAKOB cHMTaeTCs Heuenecoob-
pasHbIM

MpuBeaem MHOW NPUENM COCTABNEHWA WHTEPNONALUUOHHOTO MHOIOo-
4yneHa, OCHOBAHHbIA HAa O4HOBPEMEHHOM BBEAEHUW B BbIMUCNEHUSA
BCEX TOYEK

MrmepnonayuorHbill mHoz204neH flazpaHxa Beegem yHKUMN

I (x) = (x— Xy )(x—xl) (X—I!_l )(x ~X,1) (x— xn) ’
: (x,~x)(x-%) (x-x_)x-x,4) (x-x,)

Ha3biBaemble koadduumueHTamu JlarpaHxa v yaoBneTBOpsoUmMe yo-
NOBUAM

1) =1 L0, )= 0 npw 12

VHTEepnonauMoHHbIM MHOMOMMEHOM JlarpaHXxa HasbiBaeTcsi MHOTO-
ynedH suga

f
— , gin)
Ln(x) _Z}";Lf (x)
=0
MHTEpPNOAALMOHHBIA MHOToUNeH Jlarpasxa NpUMEHSETCs B TEX e
cnydasx, 4to 1 chopmyna HekotoHa (2 2)

Nabopatophas paborta Ne 5

ANMNPOKCUMALIMA ®YHKLMW. METO[L
HAMMEHbLLUIMX KBAOPATOB

3afa4a WHTEpNnoNAUMM COCTOSNa B NOCTPOEHUMM MHOFOYNeHa
P,(x) crenenn i, sHaueHus KOTOPOro B 71+ 1 TOUKAX MHTEPNONALMA

COBMafalrT Co 3HAYEHUAMU OAHHOW PYHKLMUK f(r)

Pn (xl): f(x:) (23)
14



C yBenuyeHuwem » TPYAHOCTM NOCTPOEHUA WHTEPNONSALWOHHOIO
MHOrOYSIEHa CYUWEeCTBEHHO Bo3pactalT. OaHako HeobxoaumocTb
B TO4YHOM BbINONMHEHWW paBeHcTBa (2.3) BO3HMKAET He BCerga W 4acto
AO0CTaTo4HO WMETk MHOTOYNIEH 3H3YUTENbHO MEHbLUEW CTEMEHW, Ha-
npumep, NUHERHYIO (YHKUWIO UK KBAApPaTHLIW TPEXYneH, HO oTpa-
XaLwmii NpegcTasnalowmue NpUKNagHoi MHTEPeC OCHOBHLIE 3aKOHO-
MEPHOCTU UCCNefyemon 3aBUMCMMOCTM [103TOMY ECTEeCTBEHHO NnocTta-
BUTL 3agayvy 06 onpeaeneHun mHorodneHa 6onee HU3KOW CTENEHU m
(m<n)

P (x)=a,x" +..+ax+a,, (2.4)

«PaCCTOSHUE» MEXAY KOTOPbIM W hyHKunen [ (r) B HEKOTOPOM CMbIC-

ne MMHUManbHO. TakoW MHOTOYNEH HA3bIBAETCA annpPoKCUMUPYIOLWMM
OaHHYH (PYHKUMIO.

ANNPOKCUMUPYIOLMIA MHOTOUNEH CrMa)XuBaeT MokanbHble ocobeH-
HOCTU 38JaHHOW JKCNepumeHTansbHoW Tabnuubl n oTpaxaer obulee

nosegeHne MyHKLUM f(x) BAOIb BCEro MHTEPBAnNa ee U3MEHEHMWS.

Manoxumm MeToj HauMeHbWwux Keadpamoe, peluapLwMin nocrTae-
nenHywo 3agady [3]. Mycte pana Tabnuua 3HavYeHuin QYHKUMK

y=1(x).
{x!,y‘}, P Ly
AnNnpokcumMupytowias (yHKLNA pasbiCKMBAETCs B BUAE

Y= (va,..a,). (2.5

tae a,, ..., d,, — NOANe}allue onpedeneHulo NapameTpbl, YUCMO Ko-

H
TOPbIX # 3HAYUTENBHO MEHbLUE M.
Bbiuncnum 3Havesus cyHkuum (2.5) npu x = X, .

Y‘,:Q?(x”a], aam)‘i=l,-u, R
Mexay uccrnenyemMoi u annpokCUMUpYIOLLEen (OYHKLUMAMU UMeeTcs

pasnuuune, KOTOpPoe CUEHUM C NOMOLLBLK CYMMbl KBAAPATOB PasHOCTEN
MX 3HAYEHUH

S= S'(al ’ g am ) = Z (}/; -V )2 =Z [ga(.\‘, Jah Jam )7 y;]2 . (26)
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Mapamerpst @, ..., @, Hanaem w3 ycrnosus MUHUMYMa OLLMOKM
annpokcumaumu (2.6).

BN o 1.0 _
a_ak_zg[w(xnalr--aam)_}:];—T&;@(xwalr”’am)_0' @7

B pesynbTarte mony4aem CUCTEMy /7 YpaBHEHWI ANs onpeaene-
HUA /M HEW3BECTHbLIX NapameTpoB.

Annpoxkcumayus MHoz2o41eHoM. NycTs annpokcumupyowasn yHk-
uyus (2.5) umeet Bua

Y=ax+ay. (2.8)
Torga, cornacHo BblpaxeHuio (2.6),
X 2
S:z(ali +a, _y}) :
=1
YpaBHeHusa (2.7) Ans onpeaenedus napaMeTpos NpUMyT BUA!
OLS‘ 2

:2 —_ =0
aal = (alxx +a0 )’z)x; 3

08 =
—a—% = 2Z(a}x, +a, —};): 0,

1=l

n n n2
a Y x +a,> x,=>xy,
i=1 1=1

=1
n n
a, ) x,+na, =Y y,.
i—1 1—1
KoachpuumeHTbl d,, d; ONpeaensoTcs OAHO3HAYHO!

— inz.yf _”Z XV
l_ E
(Z"’:)z‘”zx? (2.10)
]

WIS ey x)

16
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Ecnu annpokcumupyowan QyHKUMA UMeeT BUO YypaBHeHus (2 4),
TO KO3(PPUUMEHTLI d, , . ., ¢, d, ONPEAENAITCA U3 CUCTEMbI NUHEN-
HbiX YPaBHEHWI, aHANOrM4YHbIX ypaBHEHUAM (2 9):

Roay+Riay+..+ R a,; = By,

Ray,+ R,y +..+R, 4, =B,; (2.11)
Ra,+R,.a+..+R,a, =B,
n i
roe szz,rf /n KB D e, T B;=Zy,x;’ o Pl M. (242)

i=]

{ Havano )

Beog H, m /
N Maccueoe X, V

J,

k=1, m+1

J,

A, =R,. 1=1,m+1

k=1 2m+1,

I=k—+1

B= yl i

j=1, m+1

PeweHne cuctembl
NUHEeRHBIX ypaBHeHHid (2 11)

v

Beoj peaynberatos
pacyeTos

=1

MorpewHocTs cpeaHekBaapa-
TUYECKOW annpokcumauyum dyHK-
LMK ONpeaenseTcs BblpaXeHnem

Z(f (x,)-

B anroputMe annpokcumaluu
MHOTOYJIEHOM  METOAOM  Hawu-
MEeHbLUMX KkBagpartos (puc 2.2)
NPUHATLI criegylowne o0003Haqe-
HUS:

A — KONMUYECTBO TOYEK, B KO-
TOPBIX  W3BECTHbI  3HAYEHUSA
YyHKUMKU, m — CTENneHb annpok-
CUMUPYIOLLIEr0  MHOTOuMneHa; X,
Y — maccuebl TabnuYHbIX 3HAYEHM
aprymeHTa u dyHkumu; 4 — mac-
CUB KOB3(P(PMUUMEHTOB CUCTEMBI
NUHERHBIX ypasHeHun (2 11); R,
B - maccusbl koadhduuneHToB
u cB06oAHbLIX UuneHos (2.12).

1/2

()" /n+1)

Puc 22 Cxema anroputma
annpokcumMaLmuu dyHKLMK
METO0M HAUMEHbLLINX
KBagpartos

17



3. PELLEHUE HEJIMHEMHBIX YPABHEHUA

HenwHelHbIM Ha3bIBAETCA YypaBHEeHWe Buaa
f(x)=0. 3.1)

rae f (x) — anreBpanyeckas WM TPaHCUEHAEHTHast PyHKUua nepe-
MEHHOTO X , ONpeaeneHHas n HENPepbLIBHAs Ha HEKOTOPOM WHTepBane
[a, b]‘ Bcsikoe 3HaveHue X € [a, b]‘ npu KOTOpoM hyHKLMA obpaLla-

€TCA B HyMb, HA3bIBAETCA KOPHEM ypaBHeHus (3.1).
YpaeHneHue (3.1) HasbiBaeTca anzebpauveckum, ecnvi ero ne-
Bas 4acTb UMEET BW[ MHOTOYNeHa

n n—1 2 =
a,x"+a, \x"" +. . +a,x" +ax+a,; =0, (3.2

370 ypaBHeHUe UMeeT /1 AEUCTBUTENBHBIX UMW KOMMIMEKCHLIX KOPHENR.

Ecnu neeas 4acte ypaeHeHus (3.1) aBnaerca HeanreGpau4eckoi
dyHKUMER, Hanpumep, norapugmMuy4eckon, nokasatenbHoW, TPUroHo-
METPUYECKON M T.4., TO ypaBHeHue (3.1) Ha3sbIiBaeTCA mpaHCcUeH-
GeHMHLIM.

MpegnonaraeTcs, YTO BHYTpU WHTepsana [a, b] cyulecTeyeT Ta-
KOW WHTepBan [xl, xz], Ha KOTOPOM Mpu @ = x; < X, < b dyHKUUA
j‘(x) HEMNpepbIBHA U MEHSIET 3HAK, TO eCTb f(xl)*j (x,)<0, a ee
npou3BoAHas f’(x) 3Hak coxpaHseT. CornmacHo nepsomMy YCMoBMIO
KOpeHb B MHTepBane [xl, xz] CYLLECTBYET U MO BTOPOMY YCMOBMUIO,
paBHOCUITbHOMY TPeBOBaHWIO MOHOTOHHOCTY f(x) npu U3MEHEHUN X,

9TOT KOpEHb B WHTepBane [xl, xz] €AMHCTBEHHbIN. Takon uHTepsan

HA3bIBAETCH MHTEPBANOM U30NALKUU KOPHA.
3agaqa YUCNEHHOTO HAXOWAEHUA KOPHEN ypaBHeHusa (3.1) 06bI4HO

pasGusaercsi Ha 2 aTana’ oTAeneHue Kopuen ypasHeuus f(x)=0,

YTOMHEHUE KOPHEN YPABHEHUSI.

Ha nepsom atane onpegenswTcs MHTEpBanbl W30NALUMKU KOPHER,
a Ha BTOPOM 3Tane YTOYHSIIOTCA 9TU KOPHW C NOMOLLBLID YUCTEHHBIX
METOA0B ANA AOCTMKEHWA 38[4aHHOW CTENEeHW TOYHOCTU HaXOXaEeHWus
KopHen ypasHeHusi MOXHO Has3BaTb CNEeAylolMe umepayuoHHbIe
qUC/IeHHbIe METO/bI

- MeToj NOMOBWHHOIO AENEeHWs;
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- MeToA XOpA;
- MEeToj KacatenbHblx (MeTod HbloToHA);
- MeToj NPOoCTOon utepauun u ap.

NaGoparopHas pabota Ne 6

METOA NONOBMHHOIO AENEHUA

PaccmoTpum memod rnonoeuHHo20 defeHuUs, KOTOPbIA ABNAETCA
0AHUM U3 Haubonee NPOCTbIX METOAOB U COCTOWT B CREAyoLLeM.
WHTepBan M30NaumMi KOpHA ypaBHeHUs aenuvtcsa nononam (puc 3 1),

Ecwm  f((x, +x,)/2)#0, 7To BuiGupaeTcn ogHa M3  NONOBUH

[x,. G, + x,)/2] wm [(x, + x,)/2. x,], na koruax kotopoir f(x) npu-
HUMaET 3Ha4YeHUa Pa3HbiX 3HaKoB. [lanee aTa onepauys NOBTOPSETCA.

A
/() fx)

(3-e npubnuxeHue)

(2-e npubnuxeHwe)

(]
i
i
i
(]
]
1
i
S o g S . T — _....................____'_-
1

—g__ifl_.___j__ A ____--_____’ng
(x, +x,)
(nepeoe npubnwxkeHue)
T f(x)

Puc 3 1 padcudeckas unnocTpayua
MeTo[a NoMI0OBMHHOIO AeneHus

MTepaunoHHbIA npouecc NpUBOAMUT K TOMY, YTO Mocne /1 utepauui
ONUHa CY>XEHHOro uHTepBana Ax, CTaHOBMTCA B ABA pasa MeHblue
nepBoHauankHoi Anukbl [x, —x,| u paswoii (x, - x,)/2" . Cnenosa-

TEeNbHO, ANS BbINONHEeHWs ycnoeua Ax, <&, rae £ — 3ajaBaemas
TOYHOCTb BbIYMCINEHMS KOPHS, TpeOyeTCA BbINOMHUTL /1 MTEPaUMA.

n~In((x, —x,)/e)/In2 (33)
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Ha npaktuke B KavecTBe KpUTEPUA OKOHYAHWA WTepauUOHHOro npo-
Lecca BbIMUCNEHWA KOPHSA ypasHeHus (3 1) yacTto MCnonb3ywT ycnosue

BbINOMHEHUA HEepaBeHCTBa ‘f (x)| < ¢ . Kputepuit goctatodHo achcpekTu-
BEH, ecnu BONM3N UCKOMOTO 3Ha4YeHUs X UMEeT MecTo ‘f'(x)‘ =

Cxema anroputMa YTOYHEHUS KOPHA YypaBHEHWs f(x)zO B WH-

Tepsane [x], xz] C TOYHOCTLIO €& METOAOM MNONOBWMHHOIO AeneHus
npusegeHa Ha puc. 3.2

Beoa x, x,.&

Dy HKUMA
B MHTepBane
X,. X, |aHaka
'He MenseT

xl + X,
2
,Elaa/BblBOﬂ, 5 j(x)/L
L
Het
Na —————— { Koney ]
Het
W
X, =x
I

Puc. 3.2. Cxema anroputma mMetToga nonoBMHHOIO AENeHus

Mpumep. PaccmoTpum ynpyronnactuyeckylo gedopmauuio Ton-
CTOCTEHHOI TpyObl NOA AEWCTBMEM BHYTPEHHErO M HapY)XHOro naene-
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HUIA B YCITOBWAX MI10CKOT0 JedOopMUPOBAHHOr0 COCTOAHUA (puc. 3.3).
Ans Haxoxwgenust pagnyca K, HeoOX0AMMO peLnTb TPaHCUeHAeHT-
Hoe ypaBHeHue [7]

(pd - )/‘L'T - 21':1(}?c /R, ) =1- (Rc /R, )2 , (3.4)

rae p, U p, — BHYTPEHHEE WU BHELUHEe AABIEHNE;
T, — Npeaen TeKy4ecTn Ha casur matepuana Tpyobl;
R, w R, — BHYTPEHHWA N BHELIHWA paaunycsl TpyOb!;
R_— rpanuya mexay ynpyroi u nnactuyeckoin 3oHamu gedop-
MayuAamMu.

Puc. 3.3. K pacueTy rpaHuupbl Mexay ynpyroi
1 NNacTU4ecKon 3oHamu gecopmaumm

NabopaTtopHan pa6ota Ne 7
METOA NPOCTOWN UTEPALIUN

PaccmoTpum pacyeT CpegHero yaensHOro AABfeHusi Npu Xonog-
HOW npokatke (no A.W. LienukoBy) C y4eTOM ynpyroro CrisioWuBaHuA
pabo4ux sankos [8, 9].

p,=L150n n; (3.5)

LR B/
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rae o, — YCPeAHeHHbI no ovary gedopmauyuu npegen TeKy4ecTu
mMarepuwana nonockl Npu NUHEHHOM HanpAMXeHHOM COCTOAHUN

Gs(]+0\!.

e 36)
o,, ¥ G, —Npeaen TeKy4ecTu Nonock! 10 U NOCMe KNeTu (Npoxoaa);
n; — KO3MMPULUMEHT, YYMTHLIBAKOWMA BIWAHWE BHELUHEro TPEeHus
W CNOXHOW hopmbl oyara gedopmaymnm
&
i 2h h
= ) gl (37)
AR(S —1) || A,

Ah = h, —h, - abcontoTHoe obxatue,
hy, v h, —BbicOTa NONoCkLI A0 U Nocne knetu (Nnpoxoaa),

hH — BbICOTA NOFIOCK!I B HENTPANLHOM CeYEeHUU

1/

foh I+\/]+(62~1th;’hl)° /8,

= (38)
' 0+1
O — Ko3(hNUMEHT HANPSHKEHHOTO COCTOSAHUA
271
&= L i (39)

Ah

1 = KO3 (PULIMEHT KOHTAKTHOTO TPEHUA,

I. v I — pnuHa ovara gecopmauuu ¢ y4etom u 6e3 yyera ynpyro-
ro CNALWMUBaHNsA pabounx Bankos

L= RAW+2 +x,, (3 10)
1=\ JRAh , (311)

8(1-v2
xn:__(___”)RpCP, (312)
?pr
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R - papuyc pabounx Bankos;
v, n £, — xoadbcpuument MNyaccoHa u mMoayne KOHra 1-ro poaa
marepuana pabounx Bankos;

" -
nY — KOO ULMEHT, YHUTLIBAIOLLMI BIUSHUE HATSKEHNA.

1_00+01 _I_K60050+K610s1 ;
O T :
¥ 2,30, 2,30,

m—

(3.13)

O, U O, — 3aAHee u nepeAHEee CPeHWE YAeNbHble HaTSKEHUs
Nonockl;
K

COOTBETCTBYIOLIMX NPe/IeNoB TEKYHEeCTU COCTABNSIOT 3a[HEE W nepea-
HEE HATSHKEHWUS NONOCHI.
W3 npeAcTaBneHHbIX ypaBHEHUA BUAHO, YTO p = 38BUCUT OT L

u K, = K03hMUUNEHTbI, NOKA3LIBAIOLNE, KAKYIO 0N OT

all

(cm. ypasHeHus (3.5), (3 7)—(3.9)), a !C , B CBOIO ouepefb, 3aBUCUT OT

Py {cm. ypasHenusa (3.10) n (3.11)), To ecTb

pcp=f("c)“fc= (pcp)' )]

Ona pelweHus 31Ol cuctemMbl HA 3BM HaubBonee yaoBHO uCNONb-
30BaTb METOA NocrnefoBaTenbHbIX NPUBNKEHUA — Memod npocmotl
umepayuu CywHOCTL ero 3akmo4aercs B cnegywouem. CHavana
Haxo4AaT AnuHy ovara aedopmaumu 6ea yveta cnnmolMBaHUA nNo
cdopmyne (3 11), 3atem onpeaenarT cpeaHee yaensHoe AaBneHue no
dopmyne (3 5). MNocne 3T0ro Haxo4\T B NEPBOM NPUONUKEHUN ONUHY
ovara gedopmauuMM C y4eToMm ChMOWKMBAHUA COrMacHo opumynam
(3.10), (3.12) v onpenensOT yTOMHEHHOE 3Ha4YeHWe CpeaHero yaenb-
HOro aasneHus. [lanee HaxoaAaT AnWHY ovara gedopmayuu ¢ y4eTom
CNMIOLWMBAHUA BO BTOPOM NPUONMMKEHUM U T.4., NOKA HaWAEHHble 3Ha-
4yeHusa He OyayT yaOBNETBOPATL ypaBHeHusam (*). Pacyer obbivHO Be-
AYT A0 BOCTWXKEHUA 3aaHHOR TOYHOCTU £ .

1--£{<e (3.14)

rae /! w /. - npepbigyuiee u nocneaylowee 3Ha4YEHUs ANWHBLI ovara
nedopMaLmm C y4ETOM YNpyroro CrsmioLLIMBaHNA pabounx Bankos.
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Mpaduyeckn TaKoW WTEPaLMOHHBLIA NPOUEecC MOXHO NpeacTaBuTb
cneaytowmm obpasom (puc. 3 4, a). OgHako cnegyer UMeTe B BUAY, YTO
npy HEKOTOpbLIX napameTpax npouecca NpokaTku cuctema ypasHeHui (*)
MOXET U HE UMETL peLleHua. B aTom cnyyae uTepaumoHHbIin UMKN HUKOr4a
He coipgertcs (puc 3 4, 6), To ecTb NpoLece BblYUCNEeHWd ByneTt pacxoas-
LWMMCS U NPUBEAET K TOMY, YTO 3HAYEHUSI NEPEMEHHBIX MPEBLICAT JONYC-
TUMbIE 3HaYeHus B KkayecTBe KpUTEpUs CXOAMMOCTU UTEPALMOHHOTO LiMK-
na MOXHO WCMNONb30BATh, HAaNpUMep, CNegyLlee YCrosue.

l, <10/, (3.15)

MpokaTka NpW 3afaHHbIX NnapamMeTpax npouecca Byaer sBo3MOXHA
TOMbKO TOrga, korga Byaer BbINONHATLCA HeparencTeoO (3.15).

pcp o pql 0

p,= 1) p,=f(1)

1 l.=¢(p.,) 1 l.=9(p.,)

I=JR AR I 1=JRAR A
Puc. 3.4. Cxogsawmica (a) u pacxoasawuinca (6) utrepayuoHHble
LMKIbI NpK onpeaenednn /. u p,,; UMdpsl y BEPTUKANbHbLIX

OTPE3KOB — NOPSAAKOBbLI HOMEP UTepaLun

ANroputm pacyeTa CpegHero yaenbHoro 4asneHus ¢ y4yeTom ynpy-
roro cnnwmMeaHua pabounx BankoB npeacraBned Ha puc. 3.5.
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Puc. 3.5. Cxema anroputMa pacyeTa CpeaHero yaenbHoro AasneHus
C YY4ETOM YNpYroro cnniowmeaHna paboyux sankoe

4. PELUEHWE CUCTEM JIMHEVHbIX
ANTEBEPANYECKNX YPABHEHU
JlabopaTtopHan paborta Ne 8
METO[ FAYCCA

Pellenne cucrem nuHeiHbIX anrebpanqeckux ypasHeHWil ABnseT-
Csl 0AHOW M3 3aaad, Haubonee 4acTo BCTPEYaLWMXCA Ha NPaKTUKe Kak
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OKOHYATENbLHLIA WMNWM KAk NPOMEXYTOYHbIM 3Tan pacyeTta. PelueHue
CUCTEMbI NWHEWHLIX YPaBHEHUI MOXeT OblTb HAWAEHO PazNUYHbLIMU
MeToaamu.

MeTog Maycca unu mMeToa NOCNenoBaTENbHOIO UCKNIOYEHUS HEN3-
BECTHbIX OTHOCMTCA K TOYHbIM METOAAM PELUEHUR CUCTEM IUHEMHbIX
ypaBHEHWH

[MycTb gaHa nuHenHan cuctema H YpaBHEHMIA C }1 HEU3BECTHbLIMM.

ay X Ay X+ by, X, =
Aoy Xy+ Aoy Xnt oty X = b,y
21 1 2272 2n n 2 (41)

a4, X%+@,5 X td, X, =b .

B martpuuHOi 3anucm cuctema MOXeT OblTb MpPeAcTaBNeHa Kak
A-X =8,

@y A . 4y X b,
a a . a x b
21 9 2 ,
rae A- lrx="? o pa| 2
an] an2 ey, xn bn

Mpeanonaraercs, 4To onpeaenuTens MaTpuubl A OTNUYEH OT Hy-
Nna, B CUNY Yero peweHue cuctemsl (4.1) cywecTByeT U €4UHCTBEHHO.

Mertoa lMaycca coctout B cneaywowen. Mycts a,, # 0. Pasgenus
BCE YMEHbI NEPBOro ypasHeHUA Ha |, MONy4uM

' t Lt
X +@i5%5 + ... A%, =h,

YMHOXas 9T0 ypaBHeHWe NOCNeAoBAaTEeNbHO Ha d,, A3y, ..., A, W

BbIMUTAA €ro U3 BTOPOro M MOCNEenyoLWwmMx ypaBHeHuid cuctemsl (4.1)
NPUBOAKMM €€ K BUAY

E ' — Lf.
X+ag, X+ .. +ay,x, =b;

' ' N
Ay Xy + .+ a0y, X, =b5;

; 42
r ’ ’
A, X+ +a,.x.=b,
| s . iz
rae a, =a, —a,a, fay, 1=1.., 0 j=L..n.
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Mycre a,, #0. AHAnNorM4HO [€NUM BTOPOE ypaBHEHWE CUCTEeMb

(4.2) Ha d,,, yMHOXaeM MOJTyHEHHOE yPaBHEHUE HA a7}, ..., O, , Bbi-
yuTaeM ero U3 nocneayowmx ypasHeHui. lNonyvyaem

r ’ ’ — R
X) + a1, X, Fajyx, +..4a),x, = by,

” ” s Ty
Xy + A5 X5 +oay,x, = by
_ .

” .
a:{-‘.x‘ +h‘+{l"”x” ikl

MoeTOpaa onucaHHble npeoBpa3oBaHus BAOSb BCEW CUCTEMBbI
(4 1), npuBoAnM ee K BUAY
¥ ’ . .
X, +a, +..+a),x, =bh

mnt

" N
X+t X, =0 @3

_ pln)
X, =,
Ha aTtom 3akan4yuBaerca npamoil xod meroga [aycca. Vmeem

X :b,{:’). Boinonuue 0BpaTtHyl0 NPOroHKy ANs BCEX YpaBHEHWA Cuc-

H

Temsbl (4.3), nony4um Xx X, q, . Xy, X;. 3Ty HaCTb npoLecca Bbi-

n=1
YUCneHUit Ha3blBalT o6pamHbIM xodom metona Maycca. [Npu aTom
cneayeTt 0TMETUTL CnegyloLlee.

Onepayuu NpAMOro xoaa NpoBoAATCHA TOMBKO C KO3IDDULMEHTOM
NpU HEU3BECTHBIX, 8 HE C CaMUMW HEW3BECTHbIMKW. [103TOMY B NaMATb
3BM cneayert BBOAWTL TOMNLKO MaTtpuuy KoadhuumenTtos A, cocrae-
NEHHYI0 13 KOIhHUUMEHTOB NPKU HEU3BECTHLIX U CBOOOAHBLIX YNEHOB

bi = al, n+l-

ay  dyp .. 4y iy
[#] a P 4]
1 22 2n 2.n+1
A=
anl anl a:m an,n+l
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B uensx skoHoMuu namatu 3BM pesynbTratel npeobpasoBaHus Ko-
athuymeHToB matpuubl A4 MOXHO pasmellaTs B TEX e AYeikax na-

MSATHU COrMacHoO MHAEKCHBIM MEPEMEHHbIM.
Anroputm metopa laycca cOCTOMT W3 CNeayloLlmux OCHOBHBLIX

3TanoB:
1. MNepBaa CTpoKa Marpuubl AeNNTCA HA d;, 3aTEM YMHOXaeTcs

Ha ay, (k =2 B n) 1 BbluMTaeTcs U3 Kk -il cTpoku (nocneposa-
TeNnbHO M3 2, 3,..., /7). BNeMeHTbl Nepsoro cTondua marpuusl (C dy;

80 d,,) CTAHOBATCA HYNsiMu

| al(lz) 4L

i Dipn
40~ 0 a*(zlz) agln} azlgﬂ
0 ay) .. af) ),

» 1
2. Bropas ctpoka npeobpasosaHHoOl MaTpulbl A AenuTCA Ha agz),

a 3aTeM yMHOKAeTCA Ha ;3 W BbLIMWTAETCH M3 BCEX CTPOK C

k=34, ..n
3. OeWcTBuUsA, aHanoru4Hble nepeducneHHsiM B NyHkTax 1, 2, no-
BTOpSIlOTCSt 10 Tex nop, noka nogobuvas npoueaypa He ByaeT npone-

naHa c (u— ])-FI CTPOKOW MaTpuubl, Npyu 3TOM Marpuua Oyaer rnpuse-
AeHa K Buay

L o . o) al

0 1 azi} §2n+l
A= L L
00 .. I;gnlzn] a;{:_lzn)n
ay™)alr

4. DnemeHTbl NOCriegHen CTPOKU NOJTyYEHHOW MaTpuLibl NO3BONs-
10T BBIYMCAUTL 3HAYEHNE

~alr), JalrD),

n n+l
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5. 3HayeHue KOpHA X, WCMONb3yeTcs ANs OThiCKaHWA X, , Npu

MNoACTaHOBKE B (H-l)-l{) CTPOKY TPEYronbHOW MaTpuupl A(”'l),

a 3areM noCnefoBaTenbHO BbIMMCARKIOTCA KOPHU X, ,, ..., X, MO
dopmyne
¢ Hn
X; =a,(c n__ll)— Zag‘:_])x;, k=n-1, ..., 1.
1=k+1

MeToa aycca no3BoONAET NOCTPOUTEL 3KOHOMWMYHbLIA anropuTm, No-
CKONbKY 3NEMEHTbI MaTpuLlbl NPeobpasyoTcs No JOCTaTOYHO NPOCTbIM
hopmynam u 3HadeHuss npeobpa3oBarenbHblX 3M1EMEHTOB NpeacTae-
naT coboil TEKYLWME 3HAYEHUA TEX XKE MEePEMEHHbIX, YTO W 3HAYEeHUs
3NeMEHTOB UCXOAHOR MATPULibI.

ANroputi peLeHus CUCTEMBI #1 NMUHERHbIX anrebpanyeckux ypas-
HeHun metoaom [aycca npusedeH Ha puc. 4.1. Anroputm metoga lNa-
ycca [0CTaToMHO NPOCT U 3KOHOMWYEH MO YuCny apudMeTUYecKmx
onepauui, OAHAKO, ANA ero NpMMeHeHuss Heobxogumo, 4ToOblI BCe

-

BEAYLLME INEMEHThI a,(’;]} (i =2 3jvva n) OblNU OTNMYHBLI OT HYNA.

Bnu3ocTb BEAYLWMX 3NEMEHTOB K HYIIO MOXET NMPVMBECTM K BONLLIOA
noTepe TOYHOCTU PELLEHUS.

B cBs3K ¢ 3TUM ObINW NpeAnoXeHbl pasnuyHble BapuaHTbl MeToga
laycca ¢ BbIOOpPOM rMaBHbIX 3NEMEHTOB, HAaNPUMEP, CXeMa C BbIGOpOM
rmaBHbLIX 3NIEMEHTOB N0 BCel MaTpule. B gaHHom cny4dae nepen npo-
BeAEHMEeM Onepaunu WCKMIYEHUs u3 aNEMeHToB npeobpasyemoi

MaTpULbl Ha KaX{aom /-m artane (i: 1,2, .., n—l) BbiGUpaeTca Hau-

OonbLUKWIA NO MOAYNIC 3NEMEHT, HasblBaeMbli rnaeHbiM. CTofALlee nNpu
HeM HEeW3BECTHOE WMCKNIYaeTcs no ONUCaHHOMY Bbilie rnpasuny. [Ons
yAo6CTB BbIMMCNEHUIA Nepes UCKIHYEHWeM 3TOro HEeUW3BEeCTHOro Je-
NaKwT NEPecTaHOBKY YpPaBHEHWI W HEM3BECTHBLIX Tak, 4ToObl rnmaBHbINA
aNeMEeHT 3aHsn nesbii BEPXHUIA yron npecbpasyemoin matpuubl. Ecnu
Ha /-m ware HaubonbWWX 3NeMeHT BbIOMpaeTCa TONbLKO cpeaun 3ne-
MEHTOB /-ro cronbuya (CTpokM), TO Takaa CXEmMa HasbiBAETCA CXemMoM
C BbIOOPOM rnaBHOro anemeHnTa no cronbuy (ctpoke). Ons peweHus
NPoW3BONbHbIX cucTem Ha 3BM uenecoobpasHo ucnonk3osaTbh METOA
laycca ¢ TeMm unu MHbIM BbIOOPOM rMaBHOro anemeHTa.



[ Hauvano

Beoa
MC X0 HBIX
AaHHbIX

BuBog

pesynbTaToB //
pacuera

Koney

Puc 4 1 Bbnok-cxema anroputMa peLieHus CUCTEMbI NNHERHBIX
ypaBHeHUiH meTogom Maycca

5. YWCNEHHOE MHTENPUPOBAHME ¢'YHK!.|I/II:1
N NP BEPEHLIMANBHLIX YPABHEHUA

Na6opatopHas paborta Ne 9

WHTEMPUPOBAHUE ®YHKLNK

b
dopmyna HelotoHa-NeinbHuya jf(x)dsz(b)—F(a) Ans Bbl-

o

YUCNEHU ONPEeEeNneHHOro WHTerpana npeanonaraeT M3BECTHOW nep-
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BooBpasHyo F(x) NOALIHTErpanbHON YHKLMK f(x), OpaHako Bbipa-

auTk nepeoobpasHyo Yyepes anemMeHTapHble pyHKUUK yaaeTcs Aaneko
He Bcerga, Npu4eM 4acto ee BuA NNOX0 npucnocobneH ans ganb-
HEMLWUX BblMMCNEHUWA. B atom cnyyae npuberarT K YMCNEHHOMY WH-
TerpupoBaHuto, Haubonee pacnpocTpaHeHHbIMU MEeTo4amu KOoToporo
ABNAKTCA Memod mpaneuul n memod CumrcoHa.

MycTb Ha uHTEpBane (a, b) dyHKUMA j(x) npeacrasneHa uHTep-
NONALUMOHHBIM MHOFOUNEeHoM JlarpaHxa cTeneHu n

Ly(x)=3 y,Ly(x)
i=0
C yanamu B TouKax X, =a; X, =X, +ih; h=(b—a)/n; i=1,..,n

M 3HaueHuaMK B aTux Toukax y, = f(x, ). Toraa

b b n
I F(x )= .[Lﬂ (x)te+R, =>4y, +R,, (5.1)
a a =0

b
rae R, - owwubka ksaapaTypHoil copmynbl; A =J‘L’” (x)dx — nocTo-

SiHHble KO3 hUUMEHThI kBagpaTypHon dopmynsl. opmynsl Tuna (5.1)
HasbiBalTCcA (popmynamu HetoToHa-KoTeca.

Ecnu Ha uHTepsane (xu, x,) hyHKUUS f(r) WHTEPNonupyeTcsa
MHOTOYNEHOM NEPBOW CTENEHU (NMMHENHOW (OYHKUMEN)

xX—x X—x
Ll(x):yu ) g
Xy =X X; — Xg
10 Ay= ﬂdx:ﬁ‘ :; J}’(\')dx hUo"‘J’l) iR,
Xy — X, 2 2

R

Pa3s6usas uHTepBan (a, t’)) Ha 11 OTPE3KOB ANWHON A = (b—a)/n
TOYKAMU X, X|, ..., X, U 3aMeHss dyHkumio y = f(x) Ha Kaaom
oTpeske (x;_], R ) i=1 .. B ee UHTEepNonNALMOHHLIM MHOIOYMEHOM
NnepBoil CTeMNeHu, nony4aem
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b
I_)"(x)dx:h(yu + }"1)/2+h(.}’| tJV2 )/2 +‘“+h(}’n—l + 5 )/2 +1,

b (b-a) =4
unu If(x)dx = [yu /2 +Zy; +y, /2J+Rn. (5.2)

h =1

dopmyna (5.2) HaswiBaeTcs gpopmynoi mpaneyud. Owubka, go-
nyckaemas npv ee npuMeHeHuu, yaoBreTBopseT CnegyrLen oueHke

}Rnl <(b—a)’p, 12,

rAe W, — MakcUManbHOe 3HaueHue ‘_f"’(.r] na untepeane (a, h).

MycTb Teneps Ha unTepsane (x,, xl) dyrkums f(x) uHrepnonu-
pyeTcs MHOTO4NEeHOM BTOPOii CTENEeHU

Lz(x)=y0(x-x, Xx—xz)/[(r(, _xlXxU _xz)]+
+ 1 (e = x Xoe = )/, = x0 Yoe = x, )]+
+y2(x~x0)(x—xl)/[(x2 _xu)(xz _xl)]‘

B atom cnywae x, = x, +h; x, = x, +2h;

el
’ xn(xo—x])(xumxz) :

A =4h/3, A, =h/3:

I_f(x)dx = h()"u +4y +y2)/3+R2.

Xo

Pasbusass wmHTEpBan (a, b) Ha 2n  OTpes3KoB  ANUHOW
h=(h—a)/2n Toukamm X, X,, ..., X, 1 3aMEHSA HA KAXKIOM OTPE3KE
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(xz,_z, X5 ) i=1,..., n OYHKUMIO UHTEPNONSALUMOHHLIM MHOFOYNEHOM
BTOPOJi CTENEHM, NONy4aem

b
h h
J/ (x)dng(}’u"‘ 4}’1+}'2)+;(y2+4y1+ Ya)t ot

h
2 5(,}"211-2 + 4y2n—] + y?n) + Rn

b
unm If(x)dx — (b;na)(yu +46l + 262 +y2n)+ Rm (5.3)

]

n n—1
rae O, = Zyz,_., 0, = Zylx’
=1 i=l

®opmyna (5 3) Ha3sbiBaeTca gpopmynoll Cumncona. Ownbka, ao-
nyckaemas npu ee NpUMeHeHUW, yaoBNeTBOPAET CNEAYIOLIEN OLEHKE:

[R,] < h*(h—a)u, /180 .

rae [, — MakcumanbHoe 3HaueHue ‘_)‘ . (x] Ha UHTepBane (a, b)‘

CxemMbl anropuTMOB BbIYUCNEHUA MHTErpana MeTogoMm Tpaneuuin u
MeToaom CUMNCOHA NPUBEAEHBI HA puC. 5.1.

r &=
Mpumep BbMUCAWUTL KOIPPUUMEHT A1, YYUUTLIBAIOLUA BNUAHUE

BHELUHETO TPEHWUA W croxHou ¢popmbl ovara gedopmauum [5, 6], no
cdhopmyne

hy 8 h, 8
nc',zjﬂ(«S—] I ih,+[| (G+1 3 AR S
bl h, 5 hy AhS

rae A, h, —BbicOTa NONOCK! 0 ¥ Nocne KneTu (NPoxoaa);

h, — BbICOTa NOMOCLI B HEWTPANbHOM CedeHun (cm chopmyny

(3.8));
0 — K0 DULIMEHT HANPAMEHHOTO COCTOsAHMA (M hopmyny (3.9)).
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NabopatopHas pa6ota Ne 10

YNCNEHHOE MHTErPUPOBAHUE _
ONPPEPEHUMANBHBIX YPABHEHUMN

MpuumnHbl, NO KOTOPLIM NpUBEralT K YMCNEHHbIM MeToaam pelue-
HUA gubdepeHymanbHbIX YPaBHEHWWA, aHanorM4Hbl NPUYMHAaM, BbI3bl-
BaKOLUMM YUCNEHHOE WHTErpupoBaHue (MyHKLUMW HEBO3MOXHOCTb Mo-
NY4nThb PELIEHWE YyPaBHEHWUA B 3aMKHYTOM BMAE WK Ke rPOMO3AKOCTb
aHaNUTN4YeCKoro BbipaXKeHus,

Hawbonee npocTbiMM METOA3MWM YUCMEHHOTO WHTErPUPOBAHUA
06bIKHOBEHHbIX AnddeperunantHbiX ypaBHEHWN ABNAKTCA METOAbI
3inepa n PyHre-KyTra, KOTOpble paccMOTpyUM MNepBOHA4arnbHO npume-
HUTENBHO K ypaBHEHUAM MEepPBOro nopsijika.

3agada CcocTtouMT B YMCNEHHOM peweHun audpepeHumanbHOro

ypaBHeHusi ' = ;‘(x,y) C Ha4anbHbIM YyCNOBUEM y(x0 ) =}Y,.TO €CTb
B ONpeAeneHnn NPUOMIMKEHHbLIX 3HAYEHUA Y, V,, .., V, DYHKUUK
B Y3Nnax MHTEIPUPOBaHUA X, X,, ..., X, .

Mpeanonaras pacnonoXeHue y3noe TakuM, 4T0 X, ., =X, +Hh,

1=1,..., n—=1, rae A — war MHTErpupoBaHus, cornacHo dopmyne
TeWnopa, nonyyaem

Voot = (6 0) = v, )+ hy'(x, )+ Olr?) =
= y(x,)+ A (x, 3, )+ O,

OTKyna cnepyer npuﬁnld)i{eHHoe PaBeHCTBO
Y ® Y, +hf(x,y,) 1=1,..,n-1 (5.5)

MeTon Ounepa ocHoBbIBaeTcA Ha hopmyne (5.5) u COCTOUT B TOM,
UTO 3afaBasi 3HAYEHUA X, X,, ..., X, Yepe3 NPOMEXyTKW ANuHOI /1,

BbIYUCNIAEM NOCNEA0BATENbLHLIE 3HAYEHUSA DYHKUMU V), Vo, .oy V,, -
Mpu BoiBOAE hopmynbt (5 5) Bbina otbpoweHa BeckoHeyHo Manas
72
nopsgka /° u, cnegoBaTensHo, AONYCKAEMan Ha KaxgoM Lwiare owwmo-

Ka nponopuMoHankHa ht. HocTouHcTBOM MeToAa 3unepa ABnseTcs
NpoCTOTa BbIYMCIIUTENLHOTO anropuTMa, 0 HaKo, eMy NPUcyLLM Manas
TOYHOCTb M CUCTEMATUYECKOE HaKonneHue owunboK, AOMNYLIEHHBLIX HA
Ka}om ware

B metoge 3inepa ABWKEHWE B KXEON CNeayloLen To4Yke Npouc-
XOAMUT NO KacaTenbHOW K KPUBOW, NPOBEAEHHOW B NPeAblAyLLen TOUKE,

35



Kpuausua NMHKUK Ha y4acTKe mexay cocegHumy TovKamu He Yy4uThlBa-
€TcA, Hem U 06ycnosne|-|a HU3KaA TOYHOCTE 3TOrO0 meToga. MonbITkK
MOBLICUTL TOYHOCTbL 3a CYeT WM3MEHEeHWA Yyrna HaknoHa TpPaeKTopuu
BbIMMCNEHWIA npusenu Kk cosgaHuiw memoda Pynze-Kymma 3107
METO[ COXPaHAeT OCHOBHOE [OCTOMHCTBO MeToAa Jinepa — ero oa-

HOCTYNeH4aToCTb, Korga AnA BblMUCNEHWUA V.., WUCNONb3YeTCA WH-

hopmauma NULLL B NpeabigyLlei To4ke XY, , ), , HO JaeT cornacosa-
HWE NONy4yaemMoro YMCNEHHOro peLleHust ¢ pasnoXXeHnem TOYHOro pe-
weHus B psa Telinopa BNnoTe Ao uneHos nopagka A7, roe p > 2
(ans metona Oinepa p = 2).

Haubonee wupoko npu BeiYUCNeHusx Ha 3BM npumeHsaeTcs cne-
Aywuan pacyetTHas cxema metoga PyHre-KyTtra:

Voo =y, +hlk, + 2k, + 2k, +k, )6 (5.6)
rae kl:‘f(xny;)J kQ:f(xf+h/2J y:+klh/2)>
fOe, +h/2, y, +k,h/2): kg = f(x, +h, y, +k;h)

Owubka, gonyckaemasn npu peweHud audgepeHyuansHbiX ypasHe-

=~
o5
Il

HWI 3TUM METOZOM, MPONOPLMOHANLHA MO 3HAYEHWIO /1. BblumcneHue
NOrPELIHOCTM CBA3aHO C BbIMMCIIEHUEM NPOU3BOAHBIX (yHKUMK [, uTO

3artpyaHaer ee onpe,qenel-me.
Ha npaxTuke ans yyeTta norpewHocTen 06biYHO NPUMEHAIOT ABORN-

HOW NepecyeT: NocnegoBaTenbHO BbIMUCNAKT 3HAYeHUA Yy, C Larom

h v cwarom /2. 3arem sHaveHnst y, , Vi /2 CPABHUBAIOT.
Ecnm ansa sapanHoro €>0 |y, , =V ,n| <€, TO nepexoast

K pac4ety y,,;, B NPOTUBHOM Cy4ae LWar /7 Ha /-Mm ware ymeHbLua-

0T BABOE W NOBTOPAKT BbIMUCAEHUA ), W Y, yin, W TEK 00 AOCTUXKe-

Hus Tpebyemoi TOYHOCTH.
B KadecTtee WMCKOMOTO peLueHus B TO4Ke x 6epy1'

1

y,=(y,h+ym,-2)/2. Mpuyem BLINUCLIBAIOT B OKOHYATENbHbLIA pe-

aynbTaT 3Havenus y, = y(x,) Tonbko B Tex Toukax X, , KoTopbIe Bbiny

MNosny4YeHsbl C fepsoHavasnibHbIM LWAroM /7, Onyckas BCE MPOMEXYTOY-
Hble y(xJ ) NOSBNAOWMECHA B NPOYECCE AeneHus wara A .

36



Cxema anroputma pelleHus 0BblkHOBEHHBLIX anddepeHunanbHbiX
ypasHeHun metoaom PyHdre-KyTTa npuseneHa Ha puc. 5.2.

MeTtog PyHre-KytTa o6oblaetca gna pewenus auddeperunans-
HbIX YPaBHEHWA BLICLUMX NOPAAKOB W CUCTEM AW pepeHunanbHbIX
ypasHeHui. [ycTb TpebyeTcs HANTU YNCNEHHOE PeLUeHne ypaBHEHUSA

) = f(x, Bl o J’(nd]])

npu HauanbHbix yenosusax y(x, ), y'(x, )=y, ..., y{”_')(x“)z Vi
JAn=1)

Beopsa dywkuun W, =y, W, =y' ., W, =y , nonyysaem
CUCTEMY YpaBHEHUI
W, =W,;
Wy =Wy
W, =flxm, .. 7,)
npu  Ha4YanbHbIX  YCMNOBUSAX w, (xo)z Yo' W, (xl,)z Vi
W, (x,)=y,, Takum o6pasom, pewerune AncphepeHLnanbHoro

ypPaBHEHNSA /7 -r0 NMOpsAAKa NPUBEAEHO K MHTErpUpOBaHUID CUCTEMBI 7
ypaBHEHWI NEPBOro Nopsaka.

HopmanbHbiM BUAOM CUCTEMbI /1 YpaBHEHWA C /1 HEW3BECTHbLIMU
hyHKUMAMK Ha3bIBAETCA cneayiouias ee dopma:

D A R
(5.7)

Yu=Lul% Yo In):
HavyaneHbie ycnosua y]'(xu)=yw, ..,,)f'n(xu):ym, ANroputm

metoga Pydre-KyTtra coctouT B onpeaeneHud nocneaoBaTenbHbIX
3HAYEHWA NPUONWMEHHOrO peLleHus cuctemsl (5.7) no dopmynam

Yo =V +h(k” +2k,, +2ky, +k4;)/6,
F=lau . i =01, 2
rae ky, = f,(x, »,), by, = 1,0, + /2, y, 4y 0 )2);
ks, = 1,(x, +h/2, y, vhy h)2) kg, = 1,6, +h, Y, 4k, h)
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( Hauano )
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/ Beog /

/ WUCX OO HBIX /

/ A aHHbIX /

v
i=0
v

Pacyer y, ., Vu
no gopmyne (5 6)

-
.

HeT ‘W

Oa

X, =x_ +h

yr:(y:h +yrh’)’;2‘

e - /  BebiBoa /
Her — X, z2x, >—[a—> pe3ynbrartos /
“\/ pacueta
( KoHey }

Puc 5 2. Bnok-cxema anroputma peleHumsi 00bIKHOBEHHbIX
avdepeHymnanbHeix ypasHeHun metogom Pyure-Kytra
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Mpumep. PelwuTb ypaBHEHME, ONUCLIBAIOLIEE WM3MEHEHWUE HOp-
ManeLHOro aasneHva px BOONbL o4ara 'HECDOPMEHHM npy TOHKONWUCTO-

BOW XONOAHOW NpoKaTKe B 3aBUCMMOCTU OT TOMNLWWHbI MONOCHI hx .

p, =K 8p.)/h,, (5.8)

rae 2K =1,150, — BbIHYXQEHHbIN Npegen TeKy4ecTu npu NoCcKow
Aecopmauum (npokatka 6e3 ylumpeHus);
AL

o= E — KO3 (PUUNEHT HANPAMEHHOr0 COCTOAHNKS;

[ — k03 DUUNEHT KOHTAKTHOTO TPEHUS;
/ = anunHa ovara gedopmauuu;
Ah = h, — h, — abconTHoe obxarue nonockl;

hy v h; — TonwWmMHa NONOCLI 4O W NOCNE KNeTH.

3HaK “nnioc” B ypaBHeHMM (5 8) OTHOCUTCA K 30HE ONepexKeHWus
B ovare gedopmauyumn, 3Hak “MUHYC” — K 30He OTCTaBaHus. [paHu4Hble
YCNOBWA B CNy4ae npokaTku 0e3 HaTsxeHus:

1) p,=2K npu h, =hg;
2) p.=2Knpnh, =h.
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Mpunoxenne 1

TPEBEOBAHWA K O®OPMNEHNIO OTYETA

Otuer no nabopatopHoit paboTe BbINOMNHAETCA B OTAENbLHOW TET-
paau n AOSHKEH CoAepKaTb CreayroLlee:
HaagaHve u uenb paboTbl,
TeopeTnyeckyro 4acTb.
Bnok-cxemy nporpammsi.
Mpumep pacdeTa (B BUAE pacne4aTtkn Ha npuHTepe).
Beisogbl no patore.

ol ol e

Mpunoxexne 2
NMPUMEP O®OPMIEHA OTHETA

NabopaTtopHan pabora Ne 1
BbIYMCNEHUE NMPOCTbIX ®YHKUUA

Llent pabotsl®
— Hay4yuTbCH onpeaensTb paj 3HayveHuin GyHKUMK, paccyUTbIBAEMON
no KOHe4YHoW hopMyne Wnu B BUAE 3NEKTPOHHOW Tabnuubl, unn ¢ no-
MOLLBbK anropuTMUYECKOro a3bika, Hanpumep, VBA;
— cgenath 3aKN4YeHUe O BAMAHUW UCXOAHLIX AaHHbIX (hakTopos)
Ha PYHKUMIO (OTKIKK).

Tpebyetcsa onpeaenuTb ANWHY o4ara gedopmauuum npu NpocTon
npoaonbLHoOW npokatke (puc. M2.1)

I =~RAh,

roe R — paauyc paboynx Bankos, Mm;
Ah = h, — h, - abcontotHoe oBxarue, Mm;
hy w h, - BbicoTa nonocs! 40 U Nocne NPoKaTk1, MM.

HeobxoauMo BbIMUCIUTL Psa 3HadeHuin /[ ANs HECKOMbKUX 3Haye-
HUI paguyca paboynx Bankoe /¢ ¢ onpegesieHHbIM LaroM U pesyrnb-

40



TaTbl BLIBECTW HA Me4aTts. ANropuTM peLleHna 3TOW 3ajayd npeanona-
raet npsamMbl€ BbIMUCNEHWA NO 3afaHHOMY aHanuUTU4YeCKOMY BblpaXe-
HUto (puc. MN2.2).

Eae Ty
{ Havano |

hS /

Baop,

VoXofHBIX &
AaHHBIX

Aomue ~
" parHble BBEAEHBI )

T~__npaBunsHo ?
pa H//

,Eta
<= ﬁ\\Ri mm“Rtnax’AR —
/’#
[ Kowey |
BriBog
PacyeTHbIX
AaHHBIX
Puc. N2.1. Pacuet Puc. N2.2. Bnok-cxema
ANWHBl o4ara gedopmacum nporpammel pac4era HecKoNbKUX
NpU NPOCTOH NPOAONLHOM 3HAYeHWIt PYHKLMKW B LUUKNE

npokaTke

Ha puc. N2.3 npegcrasned dparmeHT pabodero nucta Excel c pe-
aynbratamu pacyera ANWHbl o4ara gedopmaumum Ana cnegyrumx
UCXOAHLIX AaHHBIX, MM:

Rmin = 100; Ruax = 200; AR = 20;

hg=10;hy =7, 5.
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N T N M - M O MY < 20 A 0 DO SN
| 3 {NaBopaTophan pabota Ne 1
| Boigucnedse npocTes diyHi L & paduyca paliowux
3 |BoInonHun cTyAenT rpynnel TO 03-2 4 BGCOMOTIHOEO 0BKamUA
2 |Msakos Bacunuu MeTposny - Ha AnuHy ovaea deghopmMayuy
5 2
§ |Hexodnaie daHsbie, MM
7 h= 10 350
8 = 7 B - /
ol mm=_3 5 L | —= h=im
RiR = / L = | [——dh-5mm
31 | Pacvemubie danpbie, Mn 5 | -—T
Wi R Ly Ly 20 —=
1] oo 1732 | 2236 - |
4] 120 18 57 2448 1€
35| 140 | 2049 | 26848 W0 4 M0 1R0 180 200
i 160 21 28 78
7] 180 | 2324 | 3000 Fanuyc um
48] 200 2449 | 31,62
RED

Puc N2 3 dparmeHT paboyero nucra ¢ pesynsTatamMu BbIMUCNEHWIA

ANWHBI o4ara gedopmanmm

BoiBogbl

OceoeHa TabnuyHaa mMeToauka onpeaeneHusa paaa 3HaqveHui npo-

CTbIX PYHKUMIA B 3aBUCUMOCTKH OT UCXOAHLIX NapameTpoB

2 [JnuHa ouara gecpopmauuu pacteT ¢ ysenuyeHuem paguyca pabo-
Yymux BankoeB W abconTHoro 06Xatua u SABNAETCA HENWHEWHOW
yHKUMen

: Mpunoxexune 3

Mpumep ebinonHekua nabopatopHoi paboTsl Ne 1
¢ nomoulsto VBA (puc M3 1un M3 2)

1

& 1 B [ ¢ 1B T E T F e 1R O p i iR
| 1 |NaBapartopxas pabota Ne 1
7 |PacueT AnuHEl ouara aecopmaLui 3aBMCUMOCTE ANMHSE) 0Nara AechopmMaLmMm
"2 | oT pawyca pabounx Bankos
|3 |nph NpocTon NPOSCALHOH NPOKTHE R S
4
5 [McxoaHbie adHbie %*
8 I 0 PR 5
T = 7 5 Mm 3 %
8 fh = 3 5 MM c _,__..-u-"’"’-’#
] P — e
1 |PacyeTHBIe DaHHble @ _,,f”" o e e =
1] Romm | L1, MM | L2, MM ézo _—t
Lzl 10 | 1732 [ 223 e o
L1E] 120 18 97 24 45
ik 140 | 2048 | 2646 13
_‘Lé_ 160 21n 1828 100 120 140 160 180 200
16 180 2324 3000 I
] — — -dh= —_—dh =5 AOMYC BANKOE MM
7] 200 | z44a | sis2 | —-dh=3mm dh =5 |

Puc M3 1 ®parment paboyero nucra ¢ pe3ynbTaTaMu BbIMUCTNIEHUH

ANWHBI ovara gedopmacun
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Option Explicit ' OGazaTensHoe onucanne nepemeHHbix

Sub Pacuer_anuubi_oyvara() ' Hazsanwe (3aronoeok) nporpammbl (NoanporpaMmMe}

Dim hO As Single, h11 As Single, h12 As Single ' Onucanue TUNOB NEpeMeHHbIX
Dim R As Single, Rmin As Single, Rmax As Single, dR As Single ' Onucanue ...
Dirn 1 As Integer, dhl As Single, dh2 As Single, L1 As Single, L2 As Single ' Onucatue ...

Worksheets("VBA").Select ' Botbop HyXHOro nucra

110 = Range("B6").Value ' Beog aavubix c nucta EXCEL
hil = Range{"B7").Value ' Beoa pautbix ¢ nucta EXCEL
h12 = Range("C7") Value ' Beoa aaHHbix ¢ nucta EXCEL

Rmin = InputBox("Beepuie HaveHne Rimin = , MM") " Beoa W3 Ananoropolo okka Rmin
Rmax = InputBox("Beeaure sHavenme Rmax = , mM"} ' Beoa w3 aManoroeoro oxkHa Rmax
dR = InputBox("Beeaure 3nauenune dR = , Mm") ' Beoa ua amanorosoro okHa dR

' B gadHol NporpaMMe BBOA MCXOAHbLIX AaHHbIX caenad Dea Nposepki

dhl = hO-hi11l: dh2 = h0 - h12 ' Boidmcnedue 3Hadeninil abconioTHoro obxatms
i = 0' [NpUCBOCHME HAYANBHOMD 3IHAYEHWA BCNIOMOraTeNnbHON NepPeMeHHol

For R = Rmin To Rmax Step dR ' 3aronosok yukna
L1 = (R *dhl) ~(1/2)' Beiuncnedume 1-ro 3HaYeHWA ANUHBI
L2 = (R *dh2) ~ (1] 2)' Boiuncnerune 2-ro 3HaYeHna ANHHBE
Cells{12 + i, 1).Value = R ' BbIBOA Ha AWCT anavenuii R
Cells{12 + §, 2).Value = L1 ' Boisoa Ha nvMcT anavednii L1
Cells{12 + i, 3).Value = L2 ' BoiBog Ha AWCT 3HaYeHHi L2
i =i+ 1'MW3MeHeHHe 3HAYSHNS BCNOMOTaTENnbHGW NepemMeHHol
Next R ' OKOHYaHKME LUWMKIa

End Sub ' Koneu nporpamMel (noanporpaMms}

Puc. M3.2 INuctuur nporpammbl VBA «PacyeT gnuHel ovara
AedopMaummy ¢ KOMMEHTapPUAMM
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